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Introduction 
Today, as a result of the high level of development of production and industry and other factors, a large 
part of the water resources on Earth are being polluted. Although our planet is 70% covered with water, 
not all of them are considered suitable for human consumption. Rapid industrialization, water 
consumption from scarce water resources, and many other factors play a significant role in water 
pollution. Every year, 400 billion tons of waste are generated worldwide. There are several methods for 
treating this water, one of which is biological treatment. Several types of microorganisms are usually 
used in the biological treatment process. Many factors in the water composition affect the activity of 
microorganisms. This can be both beneficial and harmful. For example, while temperature at its optimal 
value creates the most favorable conditions for the growth of microorganisms, excessive temperature is 
the main cause of their death. The remaining factors also have a similar effect. The following article 
considers mathematical models to find the optimal values of these factors. 
pH Effect 
For a biological treatment system, pH is an important environmental factor that can affect the activity 
of microorganisms. In general, the optimal pH for aerobic processes is around neutral pH (7-7.8), and 
for anaerobic processes, it is between 6.8-7.2. It is a difficult link in a biological treatment system to 
control due to its nonlinearity and large time lag. 
pH affects the ionic properties of the bacterial cell, therefore it affects the growth of bacteria. Most 
bacteria grow at neutral pH (6.5-7.5). However, there are some bacteria that grow best at acidic or basic 
pH. 
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Figure 1. Types of microorganisms that grow at different pH values 

pH is the negative logarithm of the hydrogen ion concentration. Microbial growth is strongly influenced 
by the pH of the environment. Abrupt changes in cytoplasmic pH disrupt the plasma membrane or inhibit 
the activity of enzymes and membrane transport proteins. 
The basic growth model of Baranyi and Roberts (1994) is often used in predictive microbiology. This 
model is used here to establish a benchmark for comparison with other models. The equations are written 
using the natural logarithm of the cell density n and the natural logarithm of the physiological state q: 

𝑑𝑛(𝑡)
𝑑𝑡 = 	𝜇!"#	(𝑝𝐻)	+

1
exp(−𝑞(𝑡) + 1)3

(1 − exp(𝑛(𝑡) − 𝑛$%&))	(1) 

Where n(t = 0) = n0 

𝑑𝑞(𝑡)
𝑑𝑡 = 	𝜇!"#	(𝑝𝐻)	(2)	 

Where q(t=0) = q0  
where μmax is the maximum specific growth rate at a given pH and nmax is the maximum cell density. 
The gamma factor, which represents the effect of the stationary phase, is based on the product factor of 
the P-model developed by Van Impe et al. (2005): 
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P(t=0) = P0 
Here N is the cell density, Q(t) is the dimensionless physiological state of the cell, P(t) is the 
concentration of growth-inhibiting metabolic products, KP is the maximum concentration of growth-
inhibiting metabolic products, YP/N is the yield of growth-inducing metabolic products 
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Figure 2. Effect on the growth of microorganisms 

Effect of dissolved oxygen on microbial growth 
In biological wastewater treatment, the effect of oxygen on microbial growth is a crucial factor that 
significantly affects the efficiency of the treatment process. 
Oxygen is essential for aerobic biological processes in wastewater treatment. Microorganisms, primarily 
bacteria, use oxygen to decompose organic matter present in wastewater. The presence of dissolved 
oxygen (DO) in the treatment system determines the growth and activity of these aerobic 
microorganisms. 
In aerobic wastewater treatment systems, such as activated sludge processes, an adequate supply of DO 
is essential. Oxygen supports the metabolic activity of aerobic bacteria, which convert organic pollutants 
into carbon dioxide, water, and biomass. Optimal DO levels promote the growth of beneficial bacteria 
that effectively degrade organic matter. 
The DO concentration in the treatment system must be carefully controlled. Low DO levels can lead to 
incomplete decomposition of organic matter, while excessive DO can lead to excessive oxygenation, 
which can harm some microbial communities and increase operating costs. 

 
Figure 3. Relationship between microbial growth rate and dissolved oxygen concentration 
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Figure 4. Graph of the relationship between dissolved oxygen and the growth and death of 

microorganisms 
Similarly, the level of dissolved oxygen is an important factor affecting the efficiency of biological 
wastewater treatment. It affects parameters such as microbial growth rate and the activity of certain 
microorganisms. Therefore, maintaining an optimal balance of dissolved oxygen is important not only 
for the effective decomposition of organic matter and the prevention of odor, but also for optimizing the 
removal of nutrients and other key biological functions of the system. 

Substrates and inhibitors affecting the growth of microorganisms 
In wastewater, microorganisms primarily consume organic matter and nutrients as food sources. Their 
main components are: 
Organic matter (carbon source): microorganisms in wastewater treatment systems feed primarily on 
organic compounds such as carbohydrates, proteins, fats and oils. These organic substances are broken 
down into simpler compounds, which microorganisms use for energy and growth. 

μ = μmax ⋅ +
,!-+

 (6) 

Where 𝜇 - Specific growth rate of the microorganism (per unit of time, e.g., per hour), 𝜇max - Maximum 
growth rate (per unit of time), 𝑆 - Concentration of the carbon source (mg/L), 𝐾𝑠 - Concentration of the 
carbon source at which the half-saturation constant, the growth rate is half of 𝜇max (mg/L) 

Modified interpretation of the Monod equation 

When the concentration of the carbon source is much lower than 𝐾𝑠, the growth rate is directly 
proportional to 𝑆. 

The equation is simplified as follows: 

μ ≈ μmax ⋅ +,! (7) 

When the concentration of the carbon source is much higher than 𝐾𝑠, the growth rate approaches its 
maximum value 𝜇max. 

The equation is simplified as follows: 
μ ≈ μmax 

If 𝑆 = 𝐾𝑠, the growth rate is half of 𝜇max: 
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μ = ."#$
/
	(8) 

Nitrogen is an essential nutrient for microorganisms, usually in the form of ammonium (NH₄⁺), nitrate 
(NO₃⁻), or organic nitrogen compounds. Microorganisms use nitrogen to synthesize proteins, nucleic 
acids, and other cellular components. 

μ = μmax ⋅ 0
,%-0

	    (9) 

Where 𝑁 is the concentration of the nitrogen source (e.g., ammonia or nitrate, mg/L), 𝐾𝑛 is the half-
saturation constant of nitrogen, the concentration at which the growth rate is half of 𝜇max (mg/L). 
Phosphorus is another essential nutrient, often found in wastewater as phosphate (PO₄³⁻). 
Microorganisms need phosphorus to produce nucleic acids, ATP (adenosine triphosphate), and 
phospholipids for cell membranes. 

μ = μmax ⋅ 1
,&-+

     (10) 

Where 𝑃 is the phosphorus concentration (mg/L). 𝐾𝑝 is the half-saturation constant of phosphorus, the 
concentration at which the growth rate is half the 𝜇max (mg/L). 
Microorganisms require trace amounts of elements such as iron (Fe), magnesium (Mg), calcium (Ca), 
and potassium (K) for various enzymatic processes and cellular functions. 

μ = μmax ⋅ 23
,'(-23

     (11) 

TE is the concentration of the micronutrient (mg/L), 𝐾𝑡𝑒 is the half-saturation constant for the 
micronutrient, the concentration at which the growth rate is half of 𝜇max (mg/L). 
In the general process, all these nutrients can simultaneously affect the growth of microorganisms. The 
structure of their general model is as follows: 

𝜇 = 	𝜇$%& 	 ⋅
𝑆

𝐾4 + 𝑆
	 ⋅ 	

𝑁
𝐾5 + 𝑁

⋅
𝑃

𝐾' + 𝑆
	 ⋅ 	

𝑇𝐸
𝐾67 + 𝑇𝐸

	(12) 

Here, 𝑆 represents the carbon source, and the other terms represent nitrogen, phosphorus, and trace 
elements. 
This integrated model shows how each nutrient acts as a limiting factor, and if any of these nutrients are 
deficient, the overall growth rate of microorganisms decreases. 
Effect of Inhibitors 
The presence of these inhibitors in wastewater can lead to a decrease in microbial activity. Toxic heavy 
metals such as copper (Cu), lead (Pb), mercury (Hg), cadmium (Cd), and zinc (Zn), organic compounds 
such as phenols, solvents, pesticides, and chlorinated hydrocarbons, high concentrations of ammonia 
(NH₃) and nitrite (NO₂⁻), high concentrations of salts such as sodium chloride (NaCl), temperature, pH, 
and high oxygen values have a negative effect on the growth of microorganisms in water treatment 
processes. Several mathematical models are available to describe the effects of inhibitors. The most 
widely used of these is the modified Monod model. This model is usually used for non-competitive 
inhibitors: 

𝜇 = 	𝜇$%& 	 ⋅
𝑆

𝐾4 + 𝑆
	 ⋅ 	

1

1 + 𝐼
𝐾8

	(13) 
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Here I - Inhibitor concentration (mg/L), 𝐾𝑖 - Inhibition constant, the inhibitor concentration at which the 
growth rate is halved (mg/L). 
The following model is used to describe the growth of microorganisms under the influence of 
competitive inhibitors: 

𝜇 = 	𝜇$%& 	 ⋅ 	
𝑆

𝐾4 F1 +
𝐼
𝐾8
G + 𝑆

	(14) 

In this model, the presence of an inhibitor increases the apparent half-saturation constant 𝐾𝑠, meaning 
that a higher substrate concentration is required to achieve the same growth rate without the inhibitor. 
In the general case, the following model can be used: 

𝜇 = 	𝜇$%& 	 ⋅
𝑆

𝐾4 + 𝑆
	 ⋅ 	

1

∑ 𝐼
𝐾8,:

	(15)	 

Conclusion 
Microorganisms play a critical role in wastewater treatment for the effective removal of organic 
pollutants. Mathematical modeling of factors affecting microbial growth can help optimize the treatment 
process. Important factors such as temperature, dissolved oxygen concentration, nutrient availability 
(e.g., phosphorus, nitrogen, and trace elements), and water flow rate have a significant impact on 
microbial activity and pollutant degradation efficiency. 
Mathematical models such as the Monod equation provide an understanding of how substrate 
concentration affects microbial growth rates and help predict operational efficiency under different 
conditions. Arrhenius-type models effectively describe the effect of temperature on microbial kinetics, 
identifying optimal conditions for maximum biological activity. In addition, the effect of dissolved 
oxygen is modeled through saturation kinetics, suggesting a way to maintain aerobic conditions for 
optimal microbial respiration. The water flow rate, which affects microbial retention time and substrate 
contact, is often modeled through flow regime analysis and directly affects the performance of biological 
treatment systems. 
By integrating these mathematical expressions into the design and operation of wastewater treatment 
plants, engineers can improve system efficiency, predict potential problems, and design treatment 
processes that maximize pollutant removal while minimizing energy consumption and operating costs. 
The development and application of these models are critical to improving the sustainability and 
efficiency of modern water treatment systems. 
In summary, mathematical expressions that reflect the interactions between environmental factors and 
microbial processes are key to optimizing biological wastewater treatment. These models are invaluable 
tools for improving efficiency, making operational decisions, and ensuring that water treatment systems 
operate at their highest potential. 
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